Introduction
Let f = f 7k4A be the (cusp) modular form of weight 4 and level 7. We A constructive version of Waldspurger's formula was proved by Gross in [G] for the case of weight 2 and prime level. This has been generalized in several ways (cf. [BSP1] , [BSP2] , [MRVT] , [PT] ). In all these constructions, the modular forms of half integral weight are obtained as linear combinations of (generalized) ternary theta series coming from the arithmetic of quaternion algebras.
For the case of higher weight as done in [BSP2] these theta series involve spherical polynomials of even degree, and thus apply only to the construction of modular forms of weight ≡ 3/2 (mod 2) in correspondence with even weights ≡ 2 (mod 4).
Indeed, to obtain modular forms of weight 5/2 from ternary quadratic forms it is necessary to utilize spherical polynomials of degree 1. However, such a theta series vanishes trivially, since such polynomials are odd functions. We will show how to solve this problem by employing the weight functions defined in [MRVT] . Although we only show here the simplest example, it is clear that a combination of the techniques of [BSP2] with those of [MRVT] should be enough to completely solve the problem in question for any modular form of even weight and prime level. Let B = B(−1, −7) the quaternion algebra ramified at 7 and ∞. A maximal order, with class number 1, is given by
The norm in the given basis is the quaternary quadratic form
of level 7. It follows from results of Eichler on the Basis Problem [E] that f 7k4A can be obtained as a (generalized) theta series for N with some spherical polynomial of degree 2.
The group of automorphisms of N has order 32, and is generated by the involutions
Let P (a, b, c, d ) be a spherical polynomial of degree 2. We can assume without loss of generality that P is even (i.e. invariant) with respect to these involutions: if P were odd with respect to any of the above involutions the theta series weighted by P would be zero.
We claim that such P is unique up to a constant. Indeed, P is a quadratic form in 4 variables.
for some quadratic forms P 1 and P 2 in 2
, c) we conclude that P 1 = P 2 . The last involution implies that P 1 (a, c) = P 1 (a + c, −c), and it follows that P 1 is a linear combination of the polynomials a 2 + ac and c 2 . The last condition on P 1 comes from the fact that P satisfies the Laplace differential equation
where ∆ N is the Laplacian operator with respect to the quadratic form N.
Note that ∆ N (P ) = 2∆ N (P 1 ), and since P 1 is a quadratic form we can compute
Here M (P 1 ) and M (N) are the matrices of P 1 and N respectively. Hence
and it follows that, up to a constant, P 1 (a, c) = 2a 2 + 2ac − 3c 2 .
Therefore we can compute the Fourier expansion of f 7k4A by
Note that we have used P 1 (a, c) as the spherical polynomial instead of b, c, d ) to simplify the computations, but as explained above the resulting theta series is the same up to a constant.
Finally, the standard method to compute the central values uses the
where D and N D are the sign and the level of the functional equation for D, s) and are easily seen to be
Although the convergence of this series is exponential, the number of terms that is required to achieve a given precision is O(
computing L(f, D, 2) for |D| ≤ x will take time roughly proportional to x 2 , with a big constant. In the next section we will show how to compute the exact value for the ratios
in time proportional to x 3 / 2 , with a much smaller constant. Of course, the special values L(f, 1, 2) and L(f, −4, 2) can be computed very quickly by the series (1), since the respective levels 7 and 7 · 16 are very small.
For instance, using the first 1000 Fourier coefficients, the series (1) gives about 1000 decimal places for L(f, 1, 2), and about 250 decimal places for L(f, −4, 2). However, the same 1000 Fourier coefficients will only give about 4 decimal places for L (f, −191, 2) or L(f, 197, 2) . Note that all the central values that appear in tables 1 and 2 were computed using the first 1000
Fourier coefficients of f , and thus their accuracy is actually less than what is displayed for the last few entries.
Two modular forms of weight 5/2
Consider the ternary lattice corresponding to R, namely
In this section we only deal with quaternions in S 0 , which we will write in that basis as triples of integers, so that (x, y, z) is the quaternion x(2i) + y(j) + z(i + k), and S 0 corresponds to Z 3 . With this convention, the norm restricted to S 0 is the ternary quadratic form Q(x, y, z) := 4x 2 + 7y 2 + 8z 2 + 4xz, whose corresponding bilinear form is (x, y, z), (x , y , z ) := 8xx + 14yy + 16zz + 4xz + 4zx .
As explained in the introduction, in order to obtain modular forms of weight 5/2 we need to compute a theta series of Q with spherical polynomials of degree 1. Since such polynomials are odd, we need to combine them with odd weight functions as defined in [MRVT] .
3.1. Imaginary twists. Let ψ be the quadratic character of conductor 7.
This is an odd character, and thus the weight function ω 7 associated to ψ is odd. To compute ω 7 , we can use b 0 = (1, 0, 2), of norm 44 ≡ 0 (mod 7).
By computing (x, y, z), b 0 = 16x + 36z ≡ 2x + z (mod 7), we find that
We must now find a suitable spherical polynomial of degree 1; any homogeneous polynomial of degree 1 is indeed a spherical polynomial. Note that
is an automorphism of Q, and also
Thus, polynomials which are odd with respect to this involution, like y and z, will lead to null theta series; any other polynomial will give the same theta series as the unique even (i.e. invariant) polynomial x + z/2 (up to a constant). This is the natural candidate, although for the sake of simplicity we will use x instead. We are now ready to compute
a weight 5/2 modular form of level 4 · 7 2 and character ψ 1 , in Shimura correspondence with f ⊗ ψ. Here ψ 1 (n) := −1 n ψ(n). Table 1 shows the values of c − (d) and L(f, −d, 2), where
is satisfied, where 3.2. Real twists. For this we need to use an odd weight function ω l , for a suitably chosen prime l. First of all we need l ≡ 3 (mod 4) so that ω l is odd, but we should also require that L(f, −l, 2) = 0. From table 1, the smallest such l is 11, for which L(f, −11, 2) ≈ 2.238791. In order to compute ω 11 , we will use again b 0 = (1, 0, 2), of norm 44 ≡ 0 (mod 11). Now, (x, y, z) , b 0 ≡ 5x + 3z ≡ 3(−2x + z) (mod 11), with 3 11 = +1, so that (x, y, z) ,
otherwise.
We claim that
Indeed, by the uniqueness of weight functions, the above equation is true up to a constant. It is thus enough to check the equality for a single nonzero value, such as ω 11 (1 + 2, 0, −2) = ω 11 (1, 0, 2) = +1. Therefore, the same considerations as above apply, and lead us to choose x as the spherical polynomial.
We can then define and compute
a weight 5/2 modular form of level 4 · 7 and trivial character, in Shimura correspondence with f . 
